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Abstract. Consider the equations of Navier-Stokes in K 3 in the rotational setting, i.e. with Coriolis 
force. It is shown that this set of equations admits a unique, global mild solution provided the initial 
data is small with respect to the norm the Fourier-Besov space FBl >r 3/p (R 3 ), where p G (1, oo] and 
r e [1, oo]. 

In the two-dimensional setting, a unique, global mild solution to this set of equations exists for 
non-small initial data uq £ L&(M. 2 ) for p G [2, oo). 



1. Introduction and Main Results 

Consider the flow of an incompressible, viscous fluid in R 3 in the rotational framework which is 
described by the following set of equations 

!d t u + u ■ Vu - Au + fie 3 x u + Wtt = 0, in R 3 x (0, oo), 
divi* = 0, in R 3 x (0, oo), 
u(0) = it , inR 3 . 

Here, u and 7r represent the velocity and pressure of the fluid, respectively, and Slel denotes the speed 
of rotation around the unit vector e% = (0,0,1) in a^-direction. If Q = 0, the system reduces to the 
classical Navier-Stokes system. 

This set of equations recently gained quite some attention due to its importance in applications to 
geophysical flows. In particular, large scale atmospheric and oceanic flows are dominated by rotational 
effects, see e.g. [17] or [6]. 

If = 0, the classical Navier-Stokes equations have been considered by many authors in various 
scaling invariant spaces, in particular in 

iH(R 3 ) ^ L 3 (R 3 ) ^ Bp^^(R 3 ) ^ BMO _1 (M 3 ) ^ B~^ 00 (R 3 ), 

where 3 < p < oo. The space BMO~ 1 (M 3 ) is the largest scaling invariant space known for which 
equation (jl.ip with ft = is well-posed. 

It is a very remarkable fact that the equation (|l.ip allows a global, mild solution for arbitrary large 
data in the L 2 -setting provided the speed f2 of rotation is fast enough, see [2], [3] and [5]. More 
precisely, it was proved by Chemin, Desjardins, Gallagher and Grenier in [5] that for initial data u £ 
L 2 (R 2 ) 3 + i/ 1 / 2 (R 3 ) 3 satisfying divi*o = 0, there exists a constant CIq > such that for every Q > Oo 
the equation (jl.ip admits a unique, global mild solution. The case of periodic intial data was considered 
before by Babin, Mahalov and Nicolaenko in the papers [2] and [3]. 

It is now a natural question to ask whether, for given and fixed D, > 0, there exists a unique, global 
mild solution to (|1 . ip provided the initial data is sufficiently small with respect to the above or related 
norms. In this context it is natural to extend the classical Fujita-Kato approach for the Navier-Stokes 
equations to the rotational setting. Hieber and Shibata considered in P3] the case of initial data 
belonging to H^(R 3 ) and proved a global well-posedness result for (|1.1|) for initial data being small 
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with respect to if 5 (Mr). Generalizations of this result to the case of Fourier-Besov spaces are due to 
Konieczny and Yoneda [TB] and Iwabuchi and Takada |TB]. 

More precisely, Konieczy and Yoneda proved the existence of a unique global mild solution to (jl.ip 

• 2— ^ 

for initial data uq being small with respect to the norm of FB ^ (R 3 ), where 1 < p < oo. For the case 
p = 1 considered in |18) . the existence of a unique global mild solution was proved provided the initial 

data Mo are small with respect to FB X 2 (K 3 ). Moreover, it was shown in [18] that the space FB 1 2 (R 3 ) 
is critical for the well-posedness of system (jl.ip . In fact, it was shown in [18] that equation (|l.ip is 

ill-posed in FB lq (R 3 ) whenever 2 < q < oo and DeK. 

Giga, Inui, Mahalov and Saal considered in |11] the problem of non-decaying initial data and obtained 
the uniform global solvability of (|1 . ip in the scaling invariant space FM~~ 1 (R 3 ). For details, see [JT] and 
|12] , Note that all of these results rely on good mapping properties of the Stokes-Coriolis semigroups 
on these function spaces. 

It seems to be unknown, whether global existence results are also true for initial data uq being small 
with respect to L P (R 3 ) for p > 3. The main difficulty here is that Mikhlin's theorem applied to the 
Stokes-Coriolis semigroup T yields an estimate of the form 

\\T(t)f\\ Lq <M p il 2 t 2 \\f\\ LP , t>l, feL p (R 3 ), 

which is not suitable for fixed point arguments. For this and the definition of T we refer to Section 2 
and P3]. Nevertheless, a global existence result for equation (jl.ip was recently proved by Chen, Miao 
and Zhang in [5] for highly oscillating initial data in certain hybrid Besov spaces. 

The aim of this paper is twofold: first we prove the existence of a unique, global mild solution to 

• 2-^ 

the above problem for initial data uq being small in the space FB p r p (R 3 ), where 1 < p < oo and 
1 < r < oo, hereby generalizing the result in [TB] for r = oo to the case 1 < r < oo. We note that 
Iwabuchi and Takada [TB] recently proved the well-posedness of (jl.ip for data being small with respect 

to the norm of FB^ 2 (R 3 ). 

Secondly, considering the two-dimensional situation in the L p -setting, we prove that (jl.ip admits a 
unique, global mild solution u E C([0, oo); L P (R 2 )) for arbitrary uq E L P (R 2 ) provided 2 < q < oo. 
Our argument is based on applying the curl operator to equation (jl.ip . The resulting vorticity equation 
allows then for a global estimate in two dimensions which can used to control the term Vm in the 
L p -norm. 

In order to formulate our first result, let us recall the definition of Fourier-Besov spaces. To this end, 
let ip be a C°° function satisfying supp ip c {3/4 < |£| < 8/3} and 

]>>(2- fc £) = l, £eK"\{0}- 

fcez 

For k g Z, set <^ fc (£) = v?(2 _fc £) and h k = ^~ x ip k - For s£R and 1 < p, r < oo, the space FB pr (R 3 ) is 
defined to be the set of all / E S'(R 3 ) such that / E Ll oc (R 3 ) and 



/IIf'b s := {^IIVj/lliPtK^bez 



< oo. 

r 



Given 1 < q < oo and T E (0, oo], we also make use of Chemin-Lerner type spaces L q ([0, T); FB p r 
which are defined to be the completion of C([0, T]; <S(R 3 )) with respect to the norm 



lLi([0,T);FB s ^(R 3 )) 



{^ 3S \\f3f\\Li([Q,T]-LP{W))}j(iZ 



We are now in the position to state our first result. 

Theorem 1.1. Let SJgl and 1 < p < oo, 1 < r < oo. Then there exist constants C > and e > 0, 

• 2-^ 

independent of fl, such that for every uq E FB r p (R 3 ) satisfying div uq = and \\uq\\ ,_3 < s, the 

FB* 
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equation fH2P admits a unique, global mild solution u g X , where X is given by 
X = {ue C '([0, oo); FB 2 ~ r * (R 3 )) : < Ce, divu = 0} 



with 



\ U \\X = |ML . 2-3 + . 4 

L°°([0,oo);.FB P|T . p (R 3 )) L 1 ([0,t»);FB F 



Remarks 1.2. a) Observe that due to the results in [T5] , the above system (jl.ip is ill-posed provided 
p = 1 and r > 2. 

b) Note that the case r = oo coincides with the result of Konieczny and Yoneda in [TB] . 

c) Iwabuchi and Takada |18j recently proved the existence of a unique, global mild solution to equation 

(11.11) for initial data small with respect to the norm of FB 1 2 . 

d) Note that neither FB^ 2 (R 3 ) C FB 2 p ~ 3/p (R 3 ) for r g [1, oo] nor FB 2 p ~ 3/P (R 3 ) C FB^ 2 (R 3 ) for r > 2. 



Our second result concerning non-small data in the L p (R 2 )-setting reads as follows. We denote by 
LP(R 2 ) the solenoidal subspace of L P (R 2 ). 

Theorem 1.3. Let 2 < p < oo and uo G L£(R 2 ). TTien equation (|l.l|l admits a unique, global mild 
solution u e C([0, oo), ig(IR 2 )). 



2. Linear and Bilinear Estimates 

We start this section by considering the linear Stokes problem with Coriolis force 

d t u - Au + f2e 3 x u + V-7T = 0, in M 3 x (0, oo), 
(2.1) <( divu = 0, inR 3 x(0,oo), 

u(0) = u , in R 3 . 



It was shown in [14] that the solution of ()2.1|) is given by the Stokes-Coriolis semigroup T, which has 
the explicit representation 



(2.2) T(t)f := J- 1 [cos (nj| t ) e -iei a tid/(£) + sin (n^e-^RiOfiO 



t > 0, 



for divergence free vector fields / g <S(R 3 ). Here Id is the identity matrix in R 3 and is the skew 
symmetric matrix defined by 

R (0 : = T7T I 




In order to solve equation consider the integral equation 

:=T(t)ito- / T(t-r)Pdiv(u(g)u)(r)dT, 



where P := (<5y + RiRj)i<i.j<3 denotes the Helmholtz projection from L P (R 3 ) onto its divergence free 
vector fields. Here R4 denotes the Riesz transforms for i = 1,2,3. Since the Riesz transforms R4 are 
bounded operators on FB for all values of p, q g [1, 00] and s g R, we see that P defines a bounded 
operators also on these spaces. 

Our first estimate concerns the above convolution integral. 



DAOYUANG FANG, BIN HAN AND MATTHIAS HIEBER 



Lemma 2.1. Let 1 < p, q, a,r < oo, s € R and f 6 L a ([0, oo); FB p r (R 3 )). Then there exists a constant 
C > swc/i that 



T{t-T)f{r)dr 



<c\\fl 



L9([0,oo);FBj r (R3)) "i"([0,oo);F'S p 

Proof. By the definition of the norm of L 9 ([0, oo); FB s p r (K 3 )), and by Young's inequality 



/" 

Jo 



T(t-T)f(r)dT 



Li([0,oo);FBl ^(R 3 )) 



E2fcsr J- /o 'j- (T( t_ T)/)(r)dr .^ 



LP 



< ( E 2 fe - ( C ( e~W" ||/(r) ■ || L ,dr) 5 ) 

< (E2 to (/„ DO e- t - 2 ^) 1 (ril/V)-^!!^)^ 



where o satisfies 1 + - = 4 + -. We hence obtain 
H q q a 



T(t - t)/(t)oV 



L9([0,oo);_FS; r (R 3 )) 



< c(-£2*"2- M <- 1+L *-&\\f-v k \\ 



L°([0,oo);Lp) 



i a ([0,oo);_F_B Pi . 



□ 



Lemma 2.2. Lei 1 < p < oo and 1 < p, q, a, r < oo and assume that —1 < s < 3 — jjj. (Set 

y := L~([0,(»);FSj fr (R 3 ))nZ 1 ([0,oo);FJ3j|;»(M 3 )). 
TTien £/iere exists a constant C > suc/i i/iai 

II™IIl1([0,oo);FS;+ 1 (K3)) < C|l«llv|l»llv- 



Proof. Let 93 and /i^ be defined as in Section 1 for fceZ. Define the homogeneous dyadic blocks by 

A k u := ip{2- k D)u = / h k (y)u(x - y)dy, keZ, 



and for j £ Z, set Sjit := ^-kU. We then obtain 



(2.3) 



\\uv\ 



k=-c 



Li([0,oo):FB;^(R3)) 



Using the Bony decomposition (4], [5] and [T], we rewrite Aj(uv) as 

(2.4) Aj(uw) = ^ Aj(S k+1 uA k v) + ^ A^Sk+ivAfeu) + ^ Aj(A k uA k v) =: I + II + III. 

\k-j\<4 \k-j\<4 k>j~2 
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Then, by triangle inequalities in L P (R 3 ) and l r (Z), we have 

3 J " 3 J0 



3 

J1 + J2 + J3. 



For the term J\, we note 



,h = (^2^ +1 ^( r II E ^(Sk + iuA k v)\\ L ,dt 

J \k-j\<i 



For fixed j, Lemma \2 . 1 1 yields 

/>oo — _ 

2^+1) / || V- A 3 (S k+1 uA k v)\\ LP dt 

Jo \k-j\<A 
poo 

<y(-+i) / V ||vi(xfcfi*M)lli>* 



|fc-il<4 



/"OG 

< 2 ^+i) / V ||x*&|| £ i||w>)|U*di 



|fe-il<4 



< 2^ s+1 ) 



pOO 

/ e E n^«iiL P 2 fc '( 3 -f)||^f))ii LP rft 

|fe-i|<4fc'<fc 

/•OO si/ s J- 

7 E ( E u^ir^' sr ) r ( E 2 fcV ( 3 -f-^) ? y k v)\\ LPd t 

|fc-i|<4 k'<k k'<k 



poo 

Hence, by Young's inequality, 



|fc-il<4 



Ji <C|k|| £oo([0jOo);F . s;r) (E( E 2 fe ( 4 -)2^ fc )^ 1 »||^)|| L1([0 , oo);LP) 

j |fc-j|<4 

< C \\ u \\l°°(\G ooYFB* )W V W~ ■ *-| ' 

UU ' p-' J L 1 ([0,oo);FB Pi7 . p ) 

The term J 2 is estimated in the same way as J\. In fact, 

J 2 < ^||t;|lz-([o,oo)^B; p )(E ( E 2 fc ( 4 -t)2^ fc )^ 1 )||^)|| L1([0 , oo);LP) 

3 \k-j\<4 

<C!l-llz~ ([ o,oo) ; ^;,JI«IL 1([0!0o);FB:;f) - 
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Finally, we focus on the third term J3. As in the estimate to Ji, for fixed j, we obtain 

2J(S+1) / II E E ^(nu*n,v)\\ LP dt 

k>j-2\k-k'\<l 

/•OO 

<2J>+i) / 2 2 ||^«)|| LP ||^|| LP 2 fc ( 3 -f)^ 

*' fe>3-2 |fc-fc'|<l 

/•oo 1 

<C2^ +1 M £ ( 2 || W t))||^2 fe '") r 2- fes 2 fc ( 3 -f)||^|| iI -df 

^° fc>j-2 fc-fc'|<l 

/•oo 

^^Mlz-do.oo^j E 20-^(^)2^-1) / || wi|U,d*. 
Thus, by Young's inequality 

■h <C\\v\\ iao( , yF - B s J|u||_ . 4 _a 

since s > — 1. 

Summing up, we see that 

ll^llZldCoo);^ 1 ^)) <C\\U\\ Y \\V\\ Y . 

We conclude this section with the following Lemma. 



□ 



Lemma 2.3. |19| Let 1 < p,q < 00, < r < R < 00, j £ Z and n £ N. Then, for any multiindex 
7 G N n , the following estimates hold: 

a) //supp/ c{Ce R" : |f| < RV), then || (i-) 7 /|U*(n») < 2 J ' h ' l+n ^-i ) ||/|U„(K") ■ 

b) //supp/ c{Ce R" : rV < |f I < J12**}, tften ||/|U a(R ») < 2"^H sup || (i-)*7lU«(R») • 

1/3 1 = I -r I 

3. Proof of Theorem 11.11 

For the proof of Theorem ll.il we make use of the following standard fixed point result. For a proof, we 
refer e.g. to [7]. 

Proposition 3.1. Let X be a Banach space and B : X x X — > X be a bounded bilinear form satisfying 
\\B(xi, x 2 )\\x < v\\ x i II \\ x 2 II x f or oil ^i,X2 6 X and a constant ?y > 0. Then, if < e < j- and if 
a£l such that \\a\\x < £, the equation x — a + B(x,x) has a solution in X such that \\x\\x < 2e. This 
solution is the only one in the ball B(0,2e). Moreover, the solution depends continuously on a in the 
following sense: if \\a\\x < e, x = a + B{x,x), and \\x\\x < 2s, then 

\\x - x\\ x < 1 11° - a IU- 

In the following, we choose an underlying Banach space X given by 

X := Z°°([0, 00); FBI/ (R 3 )) n L\[0, 00); FB 1/ (R 3 ) ) , 
and recall that $ was defined by 

$(u)=T(i)u - / T(t-r)Pdiv(w®u)(r)dr. 
./o 

We estimate first the term T{€)uq. 
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Lemma 3.2. Let p,r E [1, oo], s = 2 — 3/p and uq e FB p/ (E 3 ). TTiera i/iere exists a constant C > 



i > 0, 



(3.1) II^MI^^).^'^ < C\\u \\ F - B ^ r , 

(3-2) ll T (*) u o|| Zl([0!0o) . F ' B a+ 2) < CHuoll^, f>0. 

Proof. We prove first estimate (|3.1|) . By the definition of the norm, we have 



\\T{t)u \\„ . 2 _i < 

L° c ([0,oo);.F,B p ,,. p ) 



fe(2-|)r 



SUp ||V3 fe M || L p 

te[o,oo) 



In order to prove the second estimate (|3.2[) above, note that 



\T(t)u \\_ . 4 _3 < 

L 1 ([0,oo);FB p , r p ) 



fe(4- 



I^JfeWolliP* 



< C||mo|| 2-a . 



<C|K|| . 2-3 



We next consider the bilinear operator B given by 



B{u,v) 



T(t - <r)Pdiv(w <g> v)dr. 



By Lemma Lemma l2Tl| Lemma l2~3l and Lemma [231 with s = 2 — |, we obtain 



L 1 ([0,oo);FB p , I . p 



T(i - r)Pdiv(u <g> v)dr 



L 1 ([0,tx));FB Pir p (R3)) 



<C||div(«®u)|| 2 _i 

L I ([0,oo);FB p , r 3 ') 

<C||UU|| 3 _3 

L 1 ([0,oo);FB p , r p ) 

<C\\u\\ x \\v\\ x . 



Similarly, 



\\B{u,v)\\_ . 2 _i 

L~([0,oo);FB P|T . p (R3)) 



T(f - r)Pdiv(u ® v)dr 
vl 

< cilHI 



L°°([0,oo);FB Pir . p (R 3 )) 



<C||div(«®u)|L 

Z, 1 ([0,oo);FB p , 7 . p ) 



L 1 ([0,oo);FB p , r p ) 

Thus, combining these estimates with Lemma 13.21 yields 



||$(u)||x < qi«o| 



ACe 2 



FB„ 



as well as 



||$(u) - < C{\\u\\ x + \\v\\ x )\\u - v\\ 



2 — 

Choosing now e < g^j, for every w £ ^-B p r p (R 3 ) with ||u || 2 _ a < ^, we finally obtain 



FB„ 



\\$(u)\\x < 2e and 

\\*(u) - $(v)\\x < l\\u-v\\ x . 
Applying Proposition 13.11 to the given situation completes the proof of Theorem 11.11 



□ 
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4. Global existence for non-small data in L£(R ) 

In this section we consider equation f) 1 . 1 [) in the two-dimensional setting and in the case where the 
initial data uq belong to L P (M. 2 ) for p > 2. To this end, we note first that the equations of Navier- 
Stokes with Coriolis force are equivalent to the Navier-Stokes equations with linearly growing initial 
data. Indeed, we may rewrite equation ([l.ip for a two dimensional rotating fluid as 

!d t u~ Au + u-Vu-2Mu + Vir = 0, y e R 2 , t > 0, 

div u = 0, ye R 2 , t > 0, 

u(0) = u , y£ 

where M is given by 

n fo -i 

M = - — 



p2 



.1 o 

Then, by the change of variables x = e~ tM y and by setting 

v(t, x) e- tM u(t, e tM x), q(t, x) := 7r(t, e tM x), 

we obtain the following set of equations for v 

d t v-Av + vVv-Mx-Vv-Mv + Vq = 0, x e M 2 , t > 0, 
(4.2) { div v = 0, x e M 2 , t > 0, 



v(o) — u , x e 



f-2 



These are the usual equations of Navier-Stokes with linearly growing initial data. Indeed, setting 
U = v — Mx, we have 

( d t U - AU + U -VU + Vn = 0, xeR 2 ,t>0, 
(4.3) I div U = 0, x eR 2 , t> 0, 

[ U(0) = uo-Mx, xeR 2 , 

with V-7T = \7q — MMx. For initial data uq e LP(M. 2 ), it was shown in [TJ] that there exists a unique, 
local mild solution v to equation (|4.2p in the space C([0, To); Z/^(IR 2 )), where 2 < p < oo. We note that if 
u e LP{R 2 ), Theorem 2.1 in [13] implies that t^Vv e C([0, T ); iP(R 2 )). Thus there exists G (0,T ) 
such that Vw(^i) € L P (R 2 ) which implies that rot v{t\) e L P (R 2 ). Hence, in order to prove Theorem 
11.31 it suffices to show an a priori estimate of the following form. In the sequel, we set w := rot v. 

Proposition 4.1. Let 2 < p < oo andv(h) e Z£(R 2 ) such that rot v(h) e L P {R 2 ) for some h e (0,T ). 
Let v be the mild solution of |^.<?|j. Then there exists a constant C > such that 



\\v{t)\\ L v ^CIKtiJIIipexp^CtHtiJUzipJ, t>t u 

where w(ti) = rot v(t\). 

Proof. Consider the operator A in L^(R 2 ) given by 

An := -Au- < M-, Vu > +Mu 

equipped with the domain D(A) = {u e W 2 ' P (R 2 ) :< M-,Vu >e LP(R 2 )}. By the results in PJ, the 
mild solution of (|4.2p is represented by 



v{t) = e-^vih) - e-^- s ^ A ¥(v ■Vv)(s)ds + 2 e~^- s)A V(Mv)(s)ds 



for t> t\. Applying Proposition 3.4 in [T3] yields 

(4.4) \\e-^ A ¥(v^v)(s)\\ LP < — ^_ r .|| t ;.Vw(«)|| i5 < — ^.||«( s )|| i9 .||V«(«)||LP, t>s>t 1 . 

(t — s)" (t — s)* 
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Employing the inequality ||Vu(s)||i,j> < ^zt||w(s)||lp (see e.g. pQ), we see that 

< CWv^Wlp +C f — ■ \\v(s)\\ LP ■ \\w(s)\\ LP ds + C f \\v(s)\\ LP ds, t>h. 

Jti (t — S) a Jt x 

Next, applying curl to equation (|4.2p . we verify that the vorticity w = rot v satisfies the equation 

, . ( d t w - Aw + v ■ Vio - Mx ■ Vw = 0, iel 2 , i > 0, 

{ b > \ w(0) = rotu . 

A standard energy estimate allows us to show that 

IK*)||£p<CHti)||£,, t>t x . 

Hence, we have 

\\v(t)\\ LP < Cpih^LP + CWw^Wlp f ( ^ + l) \\v(s)\\ LP ds, t > h. 

Jti v (t - s)p 1 

Finally, Gronwall's inequality yields the desired estimate. This finishes the proof of Proposition H3] □ 

By Proposition 14. 11 we obtain a unique, global solution v of (|4.2p on [ti, oo) for the initial data v(ti). A 
uniqueness argument ensures that v(t) = v(t) on [ti,To). Therefore, the local solution v on [0,Tb) can 
be continued globally. This finishes the proof of Theorem 11.31 
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